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A P-matrix is a matrix all of whose principal minors are positive. The 
purpose of this paper is to give an equivalent characterisation which we 
have found useful [2]. This is provided by Theorem 1. From [ 11, we 
already know that the “only if’ part is true. As far as we know, the “if’ part 
is a new result. 
2. ‘TERMINOLOGY 
We use the same terminology as [l]; thus N is the set of integers 
{ 1, 2, . . . . PZ} and A4 . IS any subset of N. A vector, x, is non-negative, x > 0, if 
each component of x is non-negative (xi B 0 for each iE N). x is semi- 
positive, x > 0, if x > 0 but x # 0. x is positive, x > 0, if each component of x 
is positive (xi > 0 for each i E N). x is non-positive (x < 0), semi-negative 
(x < 0) or negative (X-K 0) if -x 20, -x20, -x >O, respectively. A 
matrix A reverses the sign of a vector x if x,(,4x),< 0 for each iE N. Let 
M c N. Let I, be the diagonal matrix obtained from the n x n identity 
matrix, I, by replacing 1 by - 1 in the mth row, for each m E M. Thus 
(I,),,= 1 if iEM, (Zw)ij= 1 if i$M and (IM)ij=O if i#j. For example, 
I, = I and I, = -I. C is called a principal submatrix of A if, for some 
proper subset M of N (i.e., ML N, M # N), C is the sub-matrix of A 
obtained by deleting from A its mth row and its mth column, for each 
m E M. The determinant of C is called a principal minor of A. A is called a 
P-matrix if all its principal minors are positive. 
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3. THE MAIN RESULT 
THEOREM 1. A is a P-matrix IX and only if, for each MEN, 
(Z,,,AZ,,,,) x > 0 has a solution x > 0. 
Proof Suppose A is a P-matrix. Let M c N. Then, by [ 1, 
Lemma 20.31, Z,AZ, is also a P-matrix. Hence, by [l, Corollary 1 to 
Theorem 20.11 (Z,,,AZ,) x> 0 has a solution x> 0. This establishes 
necessity. 
To prove sufficiency, we suppose that A is not a P-matrix. Since A and 
AT have the same principal minors, it follows that AT is not a P-matrix 
either. Hence, by [ 1, Theorem 20.21, AT reverses the sign of some vector 
x # 0. Let set M, vector y and matrix B be defined as follows: 
M={iEN:xi<O}u ioN:xi=Oand 2 ajjxjZO 
i 
(1) 
j=l I 
yi= -xjifiEM and yi=xi ifi$M (2) 
B= Z,AZnr. (3) 
From (1) and (2) above, and the fact that x #O, we get (4) below. 
Equation (5) below follows from the fact that AT reverses the sign of x. 
Equaton (6) below follows from (3) above. 
yao 
for each ie N 
ifiEMandj$M,ori$MandjEM 
ifiEMandjEM,ori#Mandj$M 
(y“B)&O for each i E N. 
(4) 
(5) 
(6) 
(7) 
We will now prove (7). First take i E M. From (1) we see that either xi < 0 
or J$=, ajixj > 0. If xi < 0 then, from (5), we see that cj”= i ajixj 2 0. Hence 
cj”=, UjiXj>O f or all i E M. Hence for all i E M, we have cjc M( -ai,) xi + 
ZjcM or a..( -xj) ~0. From this inequality, and from (2) and (6) we get that 
I;= i bji yj d 0. Thus we have ( yTBi) < 0, for all i E M. 
Next, let i $ M. From (1) we see that either xi > 0 or xyX I ajixj < 0. If 
xi> 0 then, from (5), c;= i ajixj < 0. Hence, in either case cjn= i ujixj< 0. 
Hence, for all i $ M, we have xi + ,+, , , a..x.+C.,(-aji)(-xi)<<. From this, 
and from (2) and (6), we get CT= i yjbji < 0. Hence we have ( y rBi) < 0, for 
all i$ M. This completes the proof of (7). 
Suppose now that (Z,AZ,,,,) x > 0 has a solution x > 0. From (3) and (4) 
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we would have y ‘Bx > 0, and from (7) we would have fB.v Q 0. This 
contradiction shows that (Z,AI,) x > 0 cannot have a solution x > 0 and 
our proof is complete. 
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